We study the thermoelectrical transports for an interacting dot attached to two graphene electrodes. Graphene band structure shows a pseudogap density of states that affects strongly the transport properties. In this work, we focus on the Coulomb blockade regime and derive the expression for Onsager matrix {Oij} that relates the electrical and heat currents with electrical and thermal biases in the linear response regime. Our findings show double peak structures for the electrical and thermal conductances versus the dot level in accordance with the Coulom blockade phenomenon. Remarkably, however, the thermal conductance is much smaller than the electrical conductance, resulting in high figure of merit value for some gate voltage. Finally, we report a large departure from the Wiedemann-Franz law caused mainly by the pseudogap density of states in the contacts and weakly affected by interactions.
I. INTRODUCTION
Graphene, a mono-layer of carbon atoms disposed on an hexagonal lattice was firstly synthesized a decade ago [1, 2] . However, graphene was not an unknown material, but it was theoretically investigated long time ago by P. R. Wallance and others [3] [4] [5] [6] [7] [8] as a two-dimensional graphite material. The unusual properties of graphene are owing to its Dirac-like band structure, where conduction and valence bands touch at six discrete points at the edges of the honeycomb Brillouin zone. The relativistic (Dirac) character of graphene was pointed out by D.P. DiVincenzo and E.J. Mele [9] before it was created in the lab. In graphene band structure, only two of the six Dirac cones are nonequivalent being currently named as K and K' points [1] . The quasiparticle excitations at those points obey linear Dirac-like energy dispersion and are responsible for many physical phenomena such as the relativistic quantum Hall, the Klein tunneling among others [1] . Besides, graphene quasiparticles are chiral fermions with potential applications in the so-called valleytronics [10, 11] . One of the successful graphene applications is found when graphene acts as a conductive material attached to a nanostructure to create a single-electron transistor circuitry [12, 13] . An instance is the particular case of a quantum dot carved in a graphene sheet [12] [13] [14] [15] . Here, typical Coulomb blockade phenomenon is observed associated to the transport of charges across the localized dot level [12, 13] . The linear conductance exhibits peaks at the dot resonances separated by the mean-dot level spacing and electron-electron Coulomb repulsion. Interestingly, transport of charges in graphene based quantum dots occur at much higher temperatures than in traditional semiconductor dots [15] . Besides, under certain circumstances many-body effects, such as the Kondo effect [16] can be observed [17, 18] . In reality graphene alters quite strongly Kondo physics [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . The Kondo effect in graphene has been intensively discussed in connection with the magnetic impurity problem in massless Dirac fermions. The experimental measurements show that the Kondo effect can be induced by lattice vacancies in graphene sheets [25, 26] . The Kondo problem in massless Dirac fermion system is indeed a particular case of the pseudo-gap Anderson model [29] where the density of states (DOS) of conduction electrons is proportional to |ε| r , with ε being the energy of conduction electrons and r an exponent specific for the material. The massless Dirac fermion system corresponds to r = 1. There has been a great effort (theory and experiment) to describe the Kondo effect in Dirac-like materials. However, much less attention has received the Coulomb blockade regime in which charge fluctuations are the dominant events in transport. Coulomb-blockade effects are ubiquitous and govern the transport properties of a large variety of systems: quantum dots [30] , molecular bridges, carbon nanotubes [31] , etc. Coulomb blockade transport has been investigated extensively in nanostructures attached to metallic contacts. However, when the contacts are made by graphene the Coulomb blockade effect is an almost unexplored problem. The goal of this work is to investigate how Coulomb blockade effects are altered by the presence of Dirac-like fermions. Experimentally Coulomb blockade oscillations have been reported to occur in graphene quantum dots where the linear conductance oscillates with the dot gate position The dot level is denoted by ε dσ . For double occupancy the dot level is shifted by an amount U that describes the Coulomb repulsion. The hybridization Γ(ε) = γ0|ε − µ| depends on energy ε. We consider undoped graphene electrodes with µ = εF = 0 located at the Dirac point. [12, 13] .
Graphene has been revealed as a singular material that exhibits amazing properties in a plenty of fields, namely, electronics, spintronics, optics, etc. [1] . A great portion of works has been devoted to the study of its purely electronic properties. In comparison, its thermal properties are poorly investigated. Recent measurements show that graphene offers high thermal conductance values [32] . In this respect, graphene based materials offer new chances to the progress of the cross-field of thermoelectricity. Good thermoelectric devices at nanoscale are those where the heat dissipated or wasted is efficiently transformed into useful electricity and vice-versa [33] . The figure of merit ZT is a coefficient that quantifies the efficiency in the heat-to-electricity (electricity-to-heat) conversion process. When the heat is only carried out by electrons then the ZT is proportional to the square of the Seebeck (thermopower) coefficient or the ratio between the electrical and thermoelectrical linear conductances under the open-circuit condition.
The purpose of our work is to analyze the thermoelectric transport through a quantum dot (or interacting localized level) coupled to Dirac-like electrodes. We are interested in a temperature regime where charge fluctuations are important and therefore we discard the Kondo physics. Below we develop the theoretical model to describe this system. We will consider the simplest case where different voltages and temperatures are applied across the quantum dot. Then, pure electrical, thermal, and cross-conductance responses (thermoelectric) are characterized by the electrical (G), thermal (K), and thermoelectrical (L 12 ) conductances, respectively. Our main findings indicate that graphene transistors offer extraordinary high thermoelectrical efficiencies. We report values of ZT ≈ 8. Besides, due to the strong energy dependent tunneling rates, graphene interacting quantum dots do not follow the Wiedemann-Franz law.
The paper is organized as follows. In Sec. II, our model for an interacting dot coupled to two Dirac-like contacts is introduced. The Onsager matrix is computed to describe electrical and heat transports when electrical and thermal biases are applied, and the Seebeck and ZT coefficients are defined in addition. Since the transport coefficients depend on the dot Green's function, it is furthermore calculated employing the equation-of-motion (EOM) technique [34] [35] [36] [37] . Our results for various transports are thoroughly explained in Sec. III. Finally, Section IV summarizes the main achievements of this work.
II. THEORETICAL MODEL
We employ an Anderson-like model to describe a spin degenerate localized level with strong on-site Coulomb interaction which is coupled to two Dirac-like electrodes as shown in Fig. 1 
. The full Hamiltonian consists of H
where
annihilates (creates) an electron with spin σ = {↑, ↓} in the localized level, ε dσ denotes the spinresolved energy level, and U represents the strength of the Coulomb interaction. Here, n σ = d † σ d σ is the particle number operator for the localized level. The graphene contact Hamiltonian reads
where ε k = v F k is relatively measured with respect to the chemical potential µ with v F ≈ 10 6 m/s being the graphene Fermi velocity. The chemical potential µ can be tuned by doping techniques and, hereafter, we consider µ = ε F = 0. We recall that the linear dispersion ε k = v F k leads to the linear density of states
The Hamiltonian then corresponds to the so-called Anderson pseudogap model [38] . Here, c αskσ (c † αskσ ) annihilates (creates) a relativistic electron in the contact α (L/R for the left/right contact) with valley index s, wavevector k, and spin σ. k c is a cutoff of the momentum such that D = ± v F k c is the cutoff of the energy. Dirac-like quasi-particles are tunnel coupled to the localized level by means of the hybridization Hamiltonian
being Ω 0 the area of the graphene unit cell and V 0 the tunneling amplitude.
A. Onsager matrix: transport coefficients
In the next step, we compute the transport coefficients by employing the Onsager matrix [39] that connects linearly charge and heat currents with the applied forces, which in our case are the electrical and thermal biases. We aim to investigate such transport coefficients in Dirac-like systems when Coulomb blockade phenomenon takes place. For such purpose we write down all the Onsager matrix elements in terms of the local density of states (DOS) of the localized impurity. Therefore, our description will depend on the approach employed to derive the impurity DOS. In the linear response regime, the Onsager matrix reads
Here, I and J are the charge and heat currents, respectively generated when an electrical bias ∆V = V L − V R and a thermal bias ∆T = T L − T R are applied to the left and right contacts. For definiteness, we take V L/R = V ± ∆V /2 and T L,R = T ± ∆T /2 where V and T are the bias and background temperature common to the two graphene flakes. In an explicit manner, the elements of the Onsager matrix elements are [40, 41] 
where T (ε) is the transmission probability. The Onsager's coefficients (L ij ) are now connected to the linear electrical (G), thermal (K), and thermoelectrical (L 12 ) conductances as
It is worthy to define the Seebeck coefficient or themopower in terms of the Onsager transport coefficients. The Seebeck coefficient reads
An important remark here is in order. Note that for sufficient low temperatures the thermal conductance is dominated by the electronic contribution and therefore we can neglect the phonon contribution. The efficiency of the heat-to-electricity (or vice-versa) conversion processes is measured by the figure of merit ZT
All transport coefficients are expressed in terms of the transmission coefficient T (ε)
where Γ(ε) = γ 0 |ε| with γ 0 = πṼ
2 ). ρ dσ (ε) denotes the local DOS for the interacting level which can be found as
G r σ,σ is the retarded Green function for the interacting localized level. In the following, we derive a Green's function suitable for the Coulomb blockade regime. To attain such a goal, we employ the EOM technique [35] [36] [37] followed by a decoupling procedure (see below). We mention that Kondo correlation is not included in our decoupling scheme. However, our approach yields an excellent characterization of the transport properties of strongly interacting quantum dots for temperatures larger than the Kondo temperature or when the localized level is weakly coupled to the electrodes [16] . Besides, it is known that for zero doped graphene Kondo effect is never built.
B. Green's function
A retarded Green's function G r (t) for fermionic operators A and B is defined as
whose EOM in energy space takes the following form
with H being the Hamiltonian under consideration and
, it is easy to show that
The equation for c αskσ , d † σ r ε is found to be
such that the dot Green's function becomes
. It is given by
We keep only the correlation c αskσ nσ, d † σ r ε on the right hand side and calculate its EOM which can be approximated as
Gathering all the results, we obtain
The poles of G r σ,σ (ε) are located around ε dσ and ε dσ + U such that this solution properly describes the Coulomb blockade regime. The dot occupation must be calculated self-consistently using
where f (ε) = 1/(exp(ε/k B T ) + 1). In the absence of a magnetic field, we expect the paramagnetic solution n σ = nσ . In the next section, we present our results for the transport coefficients as a function of the dot level (III A) and the background temperature (III B). The Seebeck coefficient and the ZT figure of merit are also analyzed. Finally, we illustrate that Dirac-like setup exhibits strong departures from the Wiedemann-Franz law.
III. RESULTS
Our results for the transport properties of a graphene based quantum dot are shown. Unless it is indicated, we consider the strong Coulomb blockade regime (U = 0.1D) and investigate how the transport properties depend on when the dot level is varied and when the background temperature is tuned. In these two cases, we explore the electrical and thermal conductances, and the Seebeck and ZT coefficients. In order to better understand the transport properties of our system, in Fig. 2 we briefly discuss the behavior of the dot DOS and the transmission coefficient. It is shown that for ε dσ = −U the DOS displays two resonances located at ε ≈ ε dσ + eΣ 0 (ε) and ε ≈ ε dσ + U + eΣ 0 (ε). The resonance around the Fermi energy (ε F = 0) is very narrow in comparison with the high energy resonance which is more wider. This is explained by the fact that the hybridization depends strongly on energy. In addition, the dot DOS at the Fermi energy becomes maximum. Nevertheless, even if the local DOS reaches the highest value at ε F , the transmission coefficient, evaluated at the Fermi energy, vanishes. This is illustrated in Fig. 2(b) . The transmission coefficient is the product of the contact and dot density of states. The former vanishes exactly at the Fermi energy giving rise to a null transmission coefficient even though the dot DOS attains the highest value. The fact that the transmission coefficient gets a zero value at ε F yields a two-dip structure for the electrical conductance versus the dot level position as shown below.
A. Transport coefficients versus the gate voltage
Now we discuss the electrical and thermal conductances when the dot level is tuned. We start by showing the evolution of the electrical conductance G as a function of the dot level for several values of the on-site interaction U (see Fig. 3 ). For the noninteracting case (U/D = 0), the conductance exhibits a dip (antiresonance) at the contact Fermi energy ε F . In general, the resonance happens when the localized level alignes with ε F . Since the contact DOS vanishes at ε = ε F , we observe the antiresonance. In the presence of U , there are two effective levels located at ε d and ε d + U . When these two levels align with ε F , the transmission again vanishes due to the nonavailability of states of the graphene contacts at ε F . The transmission shows a dip that resembles a Fano singularity originated when an interference event occurs. However, notice that the origin of the dip in our setup is due to the lack of electronic states of the graphene contacts instead of being produced by an interference between different paths. Fano resonances are usually found in double dot systems [42] . It is remarkable that elevated values for the Seebeck coefficient are encountered in double dots where Fano antiresonances take place [43] . Here, as shown later, we find similar behavior, i.e., the occurrence of dips at the transmission leads to high thermopower values.
Another aspect of G is that the peaks near to the dips are not symmetric. Around ε dσ = −U , that is, the two maxima are different in their heights. This results from the fact that the localized level DOS is not symmetric with respect to the resonance points. Notice that this does not happens in normal contacts.
We focus on the strong interacting case where Coulomb blockade phenomenon is better exhibited. We choose U/D = 0.1. Our purpose is to analyze the temperature dependence of the electrical G and thermal K conductances as shown in Fig. 4(a) and (b) , respectively. It is observed that G has moderate temperature dependences as a function of the gate voltage. In the middle of the valley, the thermal activation is not sufficient to draw a quantitative change in G. On the contrary, K shows more dramatic behaviors as a function of ε dσ . The first remarkable fact is the absence of the dips at the resonance points. Even though electrical transport is blockaded at the resonance points, the heat transports do not follow such behaviors. Importantly, K is three orders of magnitude smaller than G. This is a notable feature when compared with normal conductors that possess high electrical and thermal conductances at the same time. Good thermoelectrical devices are those that display poor thermal conductances and high electrical conductances just like our graphene transistor. In metallic conductors, the Wiedemann-Franz law
is satisfied. By utilizing graphene contacts, such a relation between G and K does not hold anymore. Consequently, the Seebeck coefficient attains much higher values. This fact is precisely illustrated in Fig. 5(a) where the Seebeck coefficient is displayed as a function of ε dσ for various background temperatures T . It is shown that the Seebeck coefficient reaches quite high values S 4. As expected, S vanishes at the resonance points ε dσ = ε F and ε dσ +U = ε F . Around these points, S is an odd function of ε dσ . Related with S is the figure of merit ZT . In Eq. (12), the thermal conductance K contains the electronic and phonon contributions (i.e., K = K e + K ph ). Through this work, K ph is neglected since we assume the low temperature limit (T < 80K). Besides, in graphene, the thermal conductance due to phonons can be tailored to get very low values even at room temperature by including anti-dots or nanoribbons in it [44] . Therefore, our calculations do not consider the phonon contribution to the thermal conductance. The reported large values of ZT indicate that heat-to-electricity conversion process is performed with high efficiency. Good thermoelectrical conductors can exhibit ZT 1. Our device shows ZT values close to 8 as illustrated in Fig. 5(b) which is a remarkable fact for practical applications. These results for the figure of merit ZT can be compared with those achieved for the case of a localized level tunnel coupled to normal contacts with an energy independent tunneling rate Γ. Such comparison is performed in Fig. 6 where the ZT values for the normal dot case are displayed. We observe that much smaller ZT values are reached. In Fig. 7 , we investigate the Wiedemann-Franz law. As anticipated, the Wiedemann-Franz law is not fulfilled. To pinpoint the main source of such violation, we consider U = 0 and U = 0 cases. It is observed that the violation of the Wiedemann-Franz is nothing to do with U . We thus conclude that the departure from the WiedemannFranz law is due to the Dirac-like energy dispersion relation of the contacts.
B. Transport properties versus background temperature
We now examine G, K, S, and ZT as a function of the background temperature T . Figure 8 recall that δ is a function of ε dσ . On the other hand, K(T ) increases linearly with T irrespective of ε dσ .
We end up by exploring the behavior of the Seebeck and ZT coefficients. The Seebeck coefficient [see Fig. 9(a) ] vanishes for the resonance point as expected due to the particle-hole symmetry without respect to temperature. For the other two localized level values the Seebeck coefficient takes opposite signs. This is due to the fact that for ε dσ /D = −0.1025 the DOS has more weight at the left of the Fermi energy (so-called holelike transport) whereas for ε dσ /D = −0.0975 the situation is reversed (electron-like transport). Here is remarkable the fact that at low and moderate temperatures S reaches considerable high values (above S > 1). Finally the ZT coefficient is proportional to S 2 and therefore is not sign sensitive. For ε dσ /D = −0.1 the ZT is always null whereas for the other two level positions ZT shows a similar behavior. The ZT has an optimized value at certain temperature scale k B T * reaching the value close to ZT ≈ 8. 
IV. CONCLUSIONS
In closing, we have analyzed the linear electrical, thermal, and thermoelectrical transports for an interacting localized level coupled to Dirac-like electrodes made by graphene. Our results support the fact that Dirac-like electrodes lead to much better thermolectrical devices with very high values for the Seebeck and ZT coefficients. The latter can reach values of ZT ≈ 8. Indeed, due to the strong energy dependence of the density of states of the electrodes our graphene device display a rather low thermal conductance in contrast with the high and moderate values reached for the electrical one. These two facts yield high thermoelectrical efficiencies. Besides, such energy dependence is responsible for the violation of the Wiedemann-Franz law. In addition, we report results for the conductances as a function of the background temperature. Remarkably, G(T ) and ZT (T ) shows an optimal value which depends on the dot level position. On the contrary, K(T ) grows monotonically with temperature. Such growing behavior depends on the dot level position. Finally, as expected the Seebeck coefficient reverses its sign when transport occurs via quasiholes and changes to quasi-electrons (from ε dσ + U < 0 to ε dσ + U > 0). We believe that the reported values for the ZT in graphene based quantum dots will motivate its experimental verification using the present technology. 
